Abstract. If A is a nonempty subset of an additive abelian group G, then the h-fold sumset is
Approximate groups
Let G be a group, not necessarily abelian, and written multiplicatively. Let N 0 and N denote the sets of nonnegative integers and positive integers, respectively. For subsets A 1 , . . . , A h , and A of G, we define the product sets For c ∈ G, we define the left and right translates cA = {ca : a ∈ A} and Ac = {ac : a ∈ A}.
The normalizer of A is the subgroup N G (A) = {c ∈ G : cA = Ac}.
If c ∈ N G (A) and r ∈ N, then (cA) r = c r A r .
If G is abelian, then for all c ∈ G and A ⊆ G we have cA = Ac, and so N G (A) = G.
Let A be a nonempty subset of G, and let r and ℓ be positive integers. The set A is an (r, ℓ)-approximate group if there exists a set X ⊆ G such that (1) |X| ≤ ℓ and (2) A r ⊆ XA.
The idea of an approximate group evolved from Freiman's inverse theorem in additive number theory (Freiman [4, 5, 6, 7] , Nathanson [12] ). The definition of approximate group in this paper is less restrictive than the original definition, which appears in Tao [15] and which has been extensively investigated (for example, by Breuillard, Green, and Tao [1, 2, 3, 8, 9] and Pyber and Szabo [14] ). Helfgott [10] is a recent survey of related problems on growth in groups. The set A is an asymptotic (r, ℓ)-approximate group if every sufficiently high power of A is an (r, ℓ)-approximate group. This means that there exists an integer h 0 (A) such that, for each integer h ≥ h 0 (A), there is a set X h ⊆ G such that
We begin with some simple facts about approximate groups.
Lemma 1. Let A be a nonempty subset of a group G, and let c ∈ N G (A). Let r and ℓ be positive integers. If A is an (r, ℓ)-approximate group, then cA is an (r, ℓ)-approximate group. If A is an asymptotic (r, ℓ)-approximate group, then cA is an asymptotic (r, ℓ)-approximate group.
Proof. Suppose that h ≥ 1 and that X h is a subset of G that satisfies (3) and (4) .
We have |X
This completes the proof.
Proof. There exist subsets X 0 of G 0 and
and
Lemma 3. Let G 0 and G 1 be groups such that G 0 is finite with |G 0 | = n 0 . Let
Proof. Let A be a nonempty subset of G, and let
We have
It follows from (5) that there exist x 1 ∈ X 1 and a 1 ∈ A 1 such that
This proves that A is an (r, n 0 ℓ)-approximate group in G. If A 1 is an asymptotic (r, ℓ)-approximate group in G 1 , then there is an integer h 0 (A 1 ) such that, for all h ≥ h 0 (A 1 ), the set
is an (r, ℓ)-approximate group in G 1 , and so hA is an (r, n 0 ℓ)-approximate group in G 0 ×G 1 . Thus, A is an asymptotic (r, n 0 ℓ)-approximate group in G. This completes the proof.
Lemma 4. Let G 0 be a finite group with |G 0 | = n 0 , and let r ∈ N. Every nonempty subset of G 0 is an (r, n 0 )-approximate group.
and |X| = |G 0 | = n 0 . This completes the proof.
Lemma 5. Let G and G ′ be groups, and let f :
Proof. It suffices to observe that if f : G → G ′ is a homomorphism, and if A and X are subsets of G such that |X| ≤ ℓ and A r ⊆ XA for some r ≥ 2, then |f (X)| ≤ ℓ and
The following example shows that there are finite subsets of groups that are not asymptotic (r, ℓ)-approximate groups for any integers r ≥ 2 and ℓ ≥ 1.
Theorem 1.
There is a nonabelian group G and a nonempty finite subset A of G such that, for all integers r ≥ 2 and ℓ ≥ 1, the set A is not an asymptotic (r, ℓ)-approximate group.
Proof. Let G be the free group of rank 2 generated by the set A = {a 0 , a 1 }. For all n ∈ N we have |A n | = 2 n . Let h, ℓ, r ∈ N with r ≥ 2 and
If X h is a finite subset of G such that
Thus, A is not an asymptotic (r, ℓ)-approximate group.
In this paper we study abelian groups, written additively. For subsets A 1 , . . . , A h , and A of an additive abelian group G, we define the sumsets
hA be the subsemigroup of G generated by A, and let G(A) be the subgroup of G generated by A. The set A is an (r, ℓ)-approximate group if there exists a set X ⊆ G such that (6) |X| ≤ ℓ and
The set A is an asymptotic (r, ℓ)-approximate group if there exists an integer h 0 (A) such that hA is an (r, ℓ)-approximate group for every h ≥ h 0 (A). This means that, for every h ≥ h 0 (A), there exists a set X h ⊆ G such that
and rhA ⊆ X h + hA. Nathanson [13] proved that every finite set of integers is an asymptotic approximate group. The goal of this paper is to prove that every finite subset of every abelian group is an asymptotic approximate group.
Polytopes and approximate groups
Let V be a real vector space. The dilation of a subset X of V by the real number λ is the set λ * X = {λx : x ∈ X}.
Lemma 6. Let K be a convex subset of a real vector space V . For every positive integer h, h * K = hK.
Thus, the h-fold sumset of a convex set is the dilation of the set by h.
Proof. If z ∈ h * K, then there exists x ∈ K such that z = hx. Because
it follows that z ∈ hK, and so h * K ⊆ hK.
Because the set K is convex, it contains the convex combination
and so z = hy ∈ h * K. Therefore, hK ⊆ h * K. This completes the proof.
In a real vector space V , a polytope is the convex hull of a nonempty finite set of points. We denote by Z n the group of lattice points in the vector space R n . A lattice polytope in R n is the convex hull of a nonempty finite set of lattice points. An additive subgroup G of a real normed vector space V is discrete if every bounded subset of V contains only finitely many elements of G. For example, Z n is a discrete subgroup of R n . Every subgroup of a discrete group is discrete. The subgroup of R generated by the set {1, √ 2} is not discrete. For integers r ≥ 2 and k ≥ 2, define the binomial coefficient
Note that b(r, 2) = r for all r ≥ 2.
Theorem 2. Let A be a finite subset of a real vector space V , with |A| = k ≥ 2. Let S(A) be the subsemigroup of V generated by A. For every integer r ≥ 2, the polytope
is an (r, b(r, k))-approximate group in V . Moreover, there exists a set X r ⊆ S(A) such that
Proof. Let A = {a 0 , a 1 , . . . , a k−1 }. We have
By Lemma 1, the polytope K 0 is an (r, ℓ)-approximate group if and only if K is an (r, ℓ)-approximate group. Moreover, if X ′ r ⊆ S(A) and
is a subset of S(A) and |X r | = |X ′ r |. Thus, we can assume that A = {0, a 1 , . . . , a k−1 }, and so
Consider the finite set
Note that X r ⊆ S(A). The number of (k − 1)-tuples (m 1 , . . . , m k−1 ) ∈ N k−1 0 such that
, and so |X r | ≤ b(r, k).
with µ i ≥ 0 for i = 1, . . . , k − 1 and
For each i ∈ {1, 2, . . . , k − 1} there is a nonnegative integer m i and a nonnegative real number λ i such that
and so
Similarly,
There are two cases. If
Because m 1 , . . . , m k−1 are nonnegative integers, we have
In the second case,
Note that 0 ∈ (1/(k − 1)) * X r +K. If w = 0, then m j ≥ 1 for some j ∈ {1, . . . , k−1}. It follows from inequality (10) that
Therefore,
The following example shows that the upper bound (8) is tight. Let k = 2 and let A = {a 0 , a 1 } ∈ R with a 0 < a 1 . Then
For r ≥ 2, we partition the sumset rK as follows:
. . , r} and |X r | = r = b(r, k). Conversely, let X be any finite subset of R such that rK ⊆ X + K. Denoting the Lebesgue measure of a set S by µ(S), we obtain
and so |X| ≥ r. Thus, (8) is tight.
Theorem 3. Let A be a finite subset of a real vector space V , with |A| = k ≥ 2. Let S(A) be the subsemigroup of V generated by A. Consider the polytopes K = conv(A) and
For every pair (r, h) of integers with r ≥ 2 and h ≥ 1, there exists a set
In particular, K and K ′ are asymptotic (r, b(r, k))-approximate groups for all r ≥ 2.
Proof. For every positive integer h, we have |h * A| = |A| = k and, by Lemma 6,
It follows from Theorem 2 that there exists a set X r,h ⊆ S(h * A) ⊆ S(A) that satisfies (11) and (12), and so hK is an (r, b(r, k))-approximate group. Let K ′ = (k − 1)K. Dilating the sets on both sides of (12) by k − 1, we obtain
Lemma 7. Let A = {a 0 , a 1 , . . . , a k−1 } be a finite subset of a real vector space V , with |A| = k ≥ 2. Let S(A) be the subsemigroup of V generated by A. Consider the polytope K = conv(A). If c is a positive integer and h ≥ ck, then c * A ⊆ S(A) and (14) hK ⊆ c * A + (h − c)K.
Proof. For every positive integer c, the dilation c * A is a subset of the semigroup
and so µ j ≥ c for some j ∈ {0, 1, . . . , k − 1}. It follows that
For every real number x, the integer part of x is the unique integer [x] such that [x] ≤ x < [x] + 1, and the fractional part of x is (x) = x − [x] ∈ [0, 1). The following result is essentially Propositions 1 and 2 of Khovanskii [11] . We follow the proof in [11] .
Lemma 8. Let A = {0, a 1 , . . . , a k−1 } be a finite subset of a real normed vector space V with |A| = k ≥ 2 such that the subgroup G(A) generated by A is a discrete subgroup of V . Consider the polytope K = conv(A). There exists a positive integer c = c(A) such that, if h ≥ ck, then
Proof. For all positive integers c and h with h ≥ ck, we define
x i a i : x i ≥ c and
The "parallelepiped"
is a bounded subset of V , and so P contains only finitely many elements of the discrete group G(A). Because A generates the discrete group G(A), for each vector
For all x 1 , . . . , x k−1 ∈ R, we have
If q ∈ G(A), then
where
If h ≥ ck and q ∈ G(A) ∩ K(h, c), then there exist real numbers x 1 , . . . , x k−1 such that
where x i ≥ c for i = 1, . . . , k − 1 and
There also exist integers y 1 , . . . , y k−1 such that
The second inequality implies that
and so y i > x i − c ≥ 0. Thus, the integers y 1 , . . . , y k−1 are positive. Similarly,
Because 0 ∈ A and h ′ ≤ h, we have h ′ A ⊆ hA and
This completes the proof. 
Thus, the set (k − 1) * A is an asymptotic (r, kb(r, k))-approximate group.
Proof. The translated set A 0 = A − a 0 satisfies |A 0 | = k and 0 ∈ A 0 . The group G(A 0 ) is a subgroup of the discrete group G(A), and so G(A 0 ) is also discrete. By Lemma 1, it suffices to prove that A 0 is an asymptotic (r, kb(r, k))-approximate group. Equivalently, we shall assume that A = {0, a 1 , a 2 , . . . , a k−1 }, and apply Lemma 8. Let S(A) be the subsemigroup of V generated by A. Applying formula (13) in Theorem 3, we obtain, for every integer h ≥ 1, a set X r,h ⊆ S(A) with |X r,h | ≤ b(r, k) and rhK ′ ⊆ X r,h + hK ′ .
Applying formula (14) in Lemma 7 to the polytope K ′ with h ≥ ck 2 , we obtain hK ′ ⊆ ck * A ′ + (h − ck)K ′ and so rhK ′ ⊆ X r,h + ck * A ′ + (h − ck)K ′ .
The finite set X ′ r,k = X r,k + ck * A ′ − c(k − 1)
is a contained in G(A ′ ) and satisfies |X ′ r,k | ≤ |A ′ ||X r,k | ≤ kb(r, k).
Applying formula (15) from Lemma 8 to the sets A ′ and K ′ , we obtain
for all h ≥ ck 2 , and so A ′ = (k − 1) * A is an asymptotic (r, kb(k, r))-approximate group. This completes the proof.
Theorem 5. Let k ≥ 2 and r ≥ 2. Every set of k lattice points is an asymptotic (r, kb(k, r))-approximate group.
